arXiv:math/0512579vl [math.CA] 26 Dec 2005 


TAUBERIAN THEOREMS FOR DISTRIBUTIONS IN THE 

LIZORKIN SPACES 

V. M. SHELKOVICH 


Abstract. In this paper some multidimensional Tauberian theorems for 
the Lizorkin distributions (without restriction on the support) are proved. 
Tauberian theorems of this type are connected with the Riesz fractional 
operators. 


1. Introduction 

1.1. Tauberian type theorems. As is well known, in mathematical physics 
there are so-called Tauberian theorems which have many applications. Tanbe- 
rian theorems are usnally assnmed to connect asymptotical behavior of a fnnc- 
tion (distribntion) at zero with asymptotical behavior of its Fonrier (Laplace or 
other integral transforms) at inhnity. The inverse theorems are usnally called 
“Abelian” i, 0, PI, PI (see also the references cited therein). 

Multidimensional Tauberian theorems for distributions (as a rule, from the 
space 5 '(M”')) have been treated by V. S. Vladimirov, Yu. N. Drozzinov, 
B. I. Zavyalov in the fundamental book m- It remains to note that Taube¬ 
rian theorems have many applications and are intensively used in mathematical 
physics (see jlUI, [TH]). 

Some types of Tauberian theorems are connected with the fractional opera¬ 
tor. In PI, as a rule, theorems of this type were proved for distributions with 
supports in the cone in MT, n 7^ 1 or in semiaxis for n = 1. This is related to 
the fact that such distributions constitute a convolution algebra. In this case a 
kernel of the fractional operator is the distribution with a support in a cone in 
M", n 7^ 1 or in semiaxis for n = 1 [TTIl §2.8.]. Thus in this case, in general, the 
convolution of a distribution and a kernel of the fractional operator is not well 
dehned in the sense of the space iS'(M’^)). Moreover, in general, the Schwartian 
test function space iS(M”) is not invariant under the fractional operators. In 
view of this fact Tauberian type theorems for distributions without restriction 
on the support have not been considered in PI- 
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The solution of the above problem was suggested by P. I. Lizorkin in the 
excellent papers DU- IE] (see also na, na). Namely, in im- ca a new 
type spaces invariant under fractional operators were introduced (see Lem¬ 
mas EH EH- The Lizorkin spaces are “natural” definitional domains of the 
fractional operators. Note that fractional operators have many applications 
and are intensively used in mathematical physics i. ra. ini. These two last 
fundamental books have the exhaustive references. 

Thus, if we want to prove Tauberian type theorems for distributions without 
restriction on the supports, we must consider distributions from the Lizorkin 
spaces. 

In this paper some multidimensional Tauberian theorems for the Lizorkin 
distributions {without restriction on the support) are proved. Tauberian theo¬ 
rems of this type are connected with the Riesz fractional operator. 

This paper was inspired by our paper on p-adic Tauberian theorems [H]. The 

point is, that in p-adic analysis a kernel fa{z) = p of the p-adic Vladimirov 
fractional operator D°‘ = f-a* is the p-adic a distribution without restriction 
on the support, where * is a convolution, \z\p~^ is a p-adic homogeneous dis¬ 
tribution, rp(a) is the p-adic T-function (see [201 )• 

1 . 2 . Contents of the paper. In Sec.Elwe recall some facts from the theory 
of distributions. In particular, in Subsec. 12.11 some properties of the Lizorkin 
spaces of test functions and distributions PH-na, HE], na are given. In Sub¬ 
sec. 1221 we recall properties of the Riesz potential pa. HP- In Subsec. 
the Riesz fractional operator, which was studied in pa. pa is introduced. In 
Subsec. I 2 . 5 l bv Definition 12 .dl we give the notion of regular variation introduced 
by J. Karamata. In this subsection Definitions 12 . 4 [E 31 of the quasi-asymptotics 
at infinity and at zero for distributions i. pa are introduced. 

In Sec. El some multidimensional Tauberian type theorems (Theorems Id.lL 
ld. 5 |l for distributions are proved. Theorems IT II Id .21 are related to the Fourier 
transform and hold for distributions from 5 '(R"'). Theorems IS2HS21 are re¬ 
lated to the fractional operators and hold for distributions from the Lizorkin 
spaces <I)x(M"') and <I)'(M"). 

2. Some results from the theory of distributions 

2 . 1 . The Lizorkin spaces. We denote by N, Z, M, C the sets of positive 
integers, integers, real, complex numbers respectively, and set Nq = 0 U M. 

If a; = {xi,...,Xn) then |x| = -1- • • • -f and x^ '^= xf For 

j = {ji, ...,jn) e we assume j! = ji\■ ■ ■ jj, |j| = ji H-K jn- We shall 

denote partial derivatives of the order |j| by ■ 

Denote by T>{W^) and iS(R”) the linear spaces of infinitely differentiable 
functions with a compact support and the Schwartian test function space. 
Denote by ©'(R*^) and 5 '(R’*) the space of all linear and continuous functionals 
on D(R”) and 5 (R'^), respectively (see [21, [121 )■ 
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Definition 2.1. ( [71 Ch.Ill,§3.1.]) A distribution / G is called homo¬ 

geneous of degree a if 

(/,v(y....,y)) = c+”{/,^>, V^€5(R"), (>0, 

{t G M), i.e., 

fitXi, . . .,tXn) = . . .,Xn), Vf > 0. 

By reformulating our definition n. n for the case of M"" (instead of the held 
of p-adic numbers Qp), we introduce the following dehnition. 

Definition 2.2. A distribution G is said to be associated homoge¬ 

neous {in the wide sense) of degree a and order m, m = 0,1, 2 ,..., if 

m 

(/m, V?(y, ■ ■ ■ , y)) = </9), + ^f“+”log^ t{fm-j, V?), 

i=i 

for all (p G 5(M”) and f > 0 (f G M), where fm-j is an associated homogeneous 
{in the broad sense) distribution of degree a and order m — j, j = 1, 2 ,..., m, 
i.e., 

m 

fm{tXi, . . .,tXn) = t°‘fm{Xl, • • • , X„) '^t'^ \ogHfm-j{Xi, . . . ,X„), Vf > 0. 

i=i 

Here for m = 0 the sum is empty. 

Associated homogeneous distributions (in the wide sense) of order m = 1 
coincide with associated homogeneous distributions of order m = 1. Associ¬ 
ated homogeneous distributions of order m = 0 coincide with homogeneous 
distributions. 

Remark 2.1. We recall that the notion of the associated homogeneous distri¬ 
bution from D'(M) was introduced in [71 Ch.I,§4.1.] by the following dehnition: 
for any m, the distribution G 'D'(M) is called an associated homogeneous 
distribution of order m and degree a if for any f > 0 and any (p G V{M.) we 
have 

(2.1) = r+^(/™,(^) +f"+Mogf(/^_l,(^), 

where fm-i is an associated homogeneous distribution of order m — 1 and of 
degree a, m = 1,2,3,.... In the paper CHI Ch.X,8.], giving a brief outline 
of the book [7], the dehnition of an associated homogeneous distribution was 
introduced as an analog of relation (EH), where in the right-hand side of EH 
logf is replaced by log’"!. Dehnition EH is introduced by analogy with the 
dehnition of an associated eigenvector. 

In the book [3 Ch.I,§4.2.] and in the paper m Ch.X, 8.] it is stated that the 
distributions xf_ log™' x±, a ^ —1, —2 ,... and log™~^ x±) are associated 

homogeneous distributions of order m and degree a and —n, respectively, m = 
1,2,3,.... If m = 2, 3,..., it is easily verihed that these distributions are 
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not associated homogeneous in the sense of Dehnition m and the modified 
definition from m Ch.X, 8 .]. We illustrate this fact by the following simple 
example: 

\og‘^{tx±) = \og^ x± + 21 ogflogx± + log^f, f > 0 . 

One can prove that associated homogeneous (in the strict sense ) distributions 
can only have order 1, while for m > 2 Dehnition (ED) describes an empty 
class. 

Thus an associated homogeneous distribution {in the wide sense) fm of order 
m, m > 2 is reproduced by the similitude operator Uaf{x) = f{ax) up to a 
linear combination of associated homogeneous distributions {in the wide sense) 
of orders m — 1, m — 2 ,..., 0 , and therefore, strictly speaking, it is not an 
associated homogeneous distribution. Following the book |71 Ch.I,§4.1.], even 
for m > 2, we will call these distributions a.h.d., omitting the words “in the 
wide sense”. One can prove that (C) distributions x'^ log”^ x±, a ^ —1, —2,..., 
and log”^“^ a;±) are associated homogeneous distributions {in the wide 

wide sense) in terms of Dehnition 12.21 for the case n = 1. 

The above mentioned problem is not considered in the present paper. 

The Fourier transform of ip ^ 5(M”) is dehned by the formula 
F[ip]{^)= [ e^^-^p{x)d^x, 

where ^ • a; is the scalar product of vectors. It is well known that the Fourier 
transform is a linear isomorphism into We dehne the Fourier 

transform F[f] of a distribution / G by the relation 

(2.2) {Flf],v) = {f,Fl<p]), 
for all ip G 5(M”). 

For distributions f,gE the convolution f * g is dehned as 

(2.3) (/ *g,p) = {f{x) X g{y), p{x + y)), 

for all p G iS(M”'), where f{x) x g{y) is the direct product of distributions. If 
for distributions f,gE 5'(M"') a convolution f * g exists then 

(2.4) F[f*g] = F[f]F[g]. 

Recall the well known facts from [TT]- [T2], [13 2 .], [TTl §25.1.]. Consider 
the following subspace of the space 5(M"') 

M/ = x[/(M-) = {V,(0 G 5(M") : {dlfi){0) = 0, |j| = 1, 2,.. .}. 

Obviously, T 7 ^ 0. The space of functions 

$ = $(M^) = {0 ; 0 = F[fi], G T(M")}. 

is called the Lizorkin space of test functions. The Lizorkin space can be 
equipped with the topology of the space 5(M"') which makes <I> a complete 
space [13 2.2.], [13 §25.1.]. 
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Since the Fourier transform is a linear isomorphism into this 

space admits the following characterization: 0 G <F if and only if 0 G 5(R”) is 
orthogonal to polynomials, i.e., 


(2.5) 


x^((){x) cTx = 0, |j| = 0,1,2 ,... 


Let V G S' he the subspace of all polynomials. As is well known, the set 
F[V] C S' of the Fourier transform of polynomials consists of hnite linear 
combinations of the Dirac ^-function supported at the origin and its deriva¬ 
tives. Here V = and F[V] = It''*", where and tl'-*- are the subspaces of 
functionals in S' which are orthogonal to <h and d', respectively m 2 ], m 
§ 8 . 2 .]. 

Proposition 2.1. ( [ig Proposition 2.5.]) The spaces of linear and continuous 
functionals and 'L' can he identified with the quotient spaces 

= S'/V, = S'/F[V] 

modulo the subspaces V and F[P], respectively. 

The space is called the Lizorkin space of distributions. 

Analogously to o, we dehne the Fourier transform of distributions / G 
and g G by the relations jTZl (25.18),(25.18’)]: 

{F[f],fi) = {f,F[fi]), VV^gT(R"), 

{F[g],4>) = {g,F[(f>]), V(/. G <F(R"). 

By dehnition, F[<F(R”)] = T(R”') and F[T(R”)] = <h(R"), i.e., these dehnitions 
are correct. 

Now we introduce another type of the Lizorkin space. Let 
Tx=Tx(R") = {i/^(0e5(R"): 

(^\/')(6,- ■ ■ • •,^n) = 0, |j| = 1,2,..., fc = 1,2,.. .,n}. 

The space of functions 

= d)x(R") = {0:0 = F[fi], 0 G T(R")}. 

is called the Lizorkin space of test functions. This space can be equipped with 
the topology of the space iS(R") which makes $x a complete space. 

It is clear that 0 G <Fx if and only if 


( 2 . 6 ) 


(2.7) 


. ...Xn) dXk ^ 0, 


m = 0,l,2 ,..., k = l,2,...,n. 

Analogously to Proposition 12 .IL 

= 57 $^, = 57^7 

where and are subspaces of functionals in S' which are orthogonal to 
<hx and Tx, respectively. 
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We define the Fourier transform of distributions / G g G 

similarly to Definition (12.fill . 

2.2. The Riesz potentials. Let us introduce the distribution |a;|" G 
(see [T^ Lemma 2.9.], [T71 (25.19)], [71 Ch.I,§3.9.]). \i Rea > —n then the 
function |a;|“ is locally integrable and generates a regular functional 

(2.8) {\x\^,^{x))= f \x\’^^{x)(Fx, V(^g5(M”). 

Jkp- 

If Re a < —n, we define this distribution by means of analytic continuation: 



(2.9) 



[m/2] 

xlXx) (Tx + 

k=0 


712 (A^(^)( 0 ) 

2^>^-^k\r{^ + k){a + n + 2k)' 


for all (f G iS(M”), where a + n ^ 0, —2, —4,..., and m > —Rea — n — 1, A 
is the Laplacian, [a] is the integral part of a number a. Relation (O gives 
the explicit formula of analytic continuation of the distribution |a;|“ from the 
half-plain Re a > —n to the domain —m — n — 1 < Re a < —n. 

Formula ()2.9j) is proved by using the relation |T7l §25.1] 


m 


E 


i! 



[m/2] 

E 


k=0 


712 (A^(/3)(0) 

22 fc-iA:!F(f+ fc)(a-t-n + 2fc)’ 


and formula A'" = Z]|/|=m ^ m = 0,1, 2 ,.... 

It is clear that the distribution |a:|", a ^ —n — 2s, s G Nq is a homogeneous 
distribution of degree a (see Definition ini). 

In the case a ^ —n — 2s, s G No, excluded in ()2.9j] . according to uni 
(2.29)], [m (25.23),(25.24)], we define (|x|“, </3(a;)) as 



( 2 . 10 ) 


= lim 

(y.^—n—2s 




712 (A^(p)(0) 

22s-1s!F(| -|- s) (q; + 77, -|- 2s) 




for all (p G 5(M"’). Here the distribution P{\x\ "■ ^^) is called the principal 
value of the function \x\~'^~‘^^. In view of Definition Ea this distribution is an 
associated homogeneous distribution of degree —n — 2s and order 1. 

Thus the distribution |x|" is dehned for any a G C. 

Let us introduce the distribution from 5'(M”) 


Xla—n 

(2.11) a 7 ^ —2s, a 7 ^ n -|- 2s, s = 0,1, 2 ,... 

7n(tt) 
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called the Riesz kernel, where |x|“ is a homogeneous distribution of degree a 
dehned by (12.91) . 

2“7rtr(f) 


( 2 . 12 ) 


7n(tt) = 


r(n^) 


The Riesz kernel is an entire function of the complex variable a. 
In view of [H Ch.I,§3.9.,(8)], [HI 4.,(69),(71)], 


\x\ 


T(f) 


vrtr(f) 


def 

= lim 


\x\ 


T(i; 


Res„^2,,k 


(y.=—2s 


2^ 7r2r(f) 

(- 1 )^ 


Res«=_25(|a;|"-",e-l"'l^) 

5{x), s = 0, 

-A‘i5(a:). s = 1,2...., 


(2.13) 

2®n(n + 2) ■ ■ ■ (u + 2s — 2) 

where Res stands for the residue, and the limit is understood in the weak sense. 
Using formulas (j2.13|) . (12.111) . (I2.12|) . and r(| + s) = 2~^n{n + 2) ■ ■ ■ (n + 2s — 
2)r(|), we define K- 2 s{x) as a distribution from 5'(M"'): 

(2.14) K- 2 s{x)‘^= lim ^ 0 ,( 0 :) = (—A)®5(a;), s = 0,1,2,..., 

a^—2s 

where the limit is understood in the weak sense. 

Next, using formulas (j2.8|l . (j2.11|l . (I2.12|l . and formula 


r - 


/9 


s = 


(i)^+i2"+ir(-f +1) 


(3(yf3 + 2) ■ ■ ■ (/3 + 2s — 2)(/3 + 2s) 

and taking into account (I2ini), we define Kn+ 2 s{.x), s = 0,1, 2,... as distribution 
from the Lizorkin space of distributions $'(M”'): 


(a„+ 2 s(t), 0) lim {Ka{x),(j))= lim 

a—^ri.+2s a—»-ri.+2s 


\X\ 


7n(a) 


0(x) d^x 


= lim 


X 


2s+l3 


\x 


2r 


-(p{x) d^x = — lim / \x 


2s 


\x\^ — 1 


0^0 Jjgn + 2s + /3) 

f |xp^log|a; 


7 „(n + 2s) 


P'fnin + 2s) 
(j){x) d^x, e 


(j){x) d^x 


(2.15) 

where |a — n — 2s| <2, 

(2.16) 7 „(u + 2s) = (-l)"2-+2s-i^ts!r(| + s), s = 0,l,2. 
Thus, 

|a;p* log |a;| 


(2.17) Kn+ 2 s{x) lim Ko,{x) = 

Q^n+2s 


s = 0,1,2,.... 


7 „(n + 2s) ’ 

Formulas (jzn, (iznD for the Riesz kernel were constructed in uni (see 
also CSl Lemma 2.13. ]i ca Lemma 25.2.]). 
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If n 


( 2 . 18 ) 


= 1 we have 


Ka{x) = < 


V 


|x|“-ir(^) _ 

2“y?r(f) “ 2r(a)cos(^)’ 

. .,+i |3;pMog|x| 

^ ’ tt{ 2 s )1 ’ 


a 7 ^ —2s, CK 7 ^ 1 + 2s, 


cx — 1 -|- 2s, 
a = —2r, s G Nq, 


Easy calculations show that if a 7 ^ n + 2r then the Riesz kernel Ka{x) is a 
homogeneous distribution of degree a — n, and if a = n + 2s then the Riesz 
kernel is an associated homogeneous distribution of degree 2 s and order 1 , 
s G No (see Dehnitions EHra. 

According to 0 ch.ii,§3.3.,(2)], uni Lemma 2.13. ], na Lemma 25.2.], 

(2.19) i"K(x)](o = ia:r“, 


where for a = n + 2s the right-hand side of the last relation is understood as 
the principal value given by (ITTUD . 

With the help of (I2.3|l . (j2.4ll . and (EH, we obtain 


Ka{x) * = Kq,+^(x), Rea, Re/9 < 0, 

where a, {3, a + {3 ^ —2s, s = 0,1, 2,.... Next, by analytic continuation of 
the left-hand and right-hand sides of the last formula with respect to a, and 
taking into account formula (EH, we dehne the relation 

( 2 . 20 ) Ka{x) * Kf){x) = Kc,+g{x), 

in the sense of distribution from iS'(R"'), where a, (3, a + (3 ^ n + 2s, s = 
0,1,2,.... Taking into account formula (EH), it is easy to see that 


(2.21) Ka{x) * Kf:j{x) = Ha+gix), a,(3 eC, 

in the sense of distribution from <h'(R"'). 

Let a = (tti,..., an), aj G C, j = 1, 2,.... We denote by 

(2.22) fa{x) l^ai(,Xi) X ■ ■ ■ X na^iyXn), 


the multi-Riesz kernel, where the one-dimensional Riesz kernel Ka {xj), j = 
1,..., n is dehned by (EH- 

If aj ^ 1 + 2rj, rj G No, j = 1, 2,... then the Riesz kernel 

Ny' 'R I /y» . 1^7 1 

f (x) = __ 

MX) 2nn;^^r(«7)cos(^) 

is a homogeneous distribution of degree \a\ — n (see Dehnition EH). 

If aj = I + 2rj, Tj G No, j = 1,2,... ,k, as ^ 1 + 2rs, Ts G No, s = 
k + 1,... ,n then 


fa{x) 


(^_iyi+--+rk+k \xj\‘^^i logla:^ 

7r'=(2ri)! ■ ■ ■ ( 2 rfc)! 
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^ 2 ”-^r(afc+i) cos(^^^) ■ ■ ■ r(an) cos(^)' 

Thus if among all ai,..., there are k pieces such that = 1 + 2r and n — k 
pieces such that 7 ^ 1 + 2r, re Mq, then the Riesz kernel fa{x) is an associated 
homogeneous distribution of degree |a| — n and order k, k = 1,... ,n (see 
Dehnition I2.2|l . 

Taking into account the above calculation, it is easy to see that 


(2.24) fa{x) * f/ 3 {x) = fa+l 3 {x), tt, /? G 

in the sense of distribution from <h'^(R"^). 


2.3. The Riesz fractional operator. Dehne the Riesz fractional operator 
D" : (j) 1 —^ D'^cf) on the Lizorkin space $(M”) as a convolution 

(D"0)(x) (-A)"/V(a;) 


(2.25) = * (t){x) = ( - ^,0(x-O), X e M", 

\ 7n(a) ' 

where 0 G <h(M"). 

It is known that in the general case, for (p G 5(M"), the function {D°‘ip){x) ^ 
iS(M"'). However, the following assertion holds. 

Lemma 2.1. ( [Tn| Theorem 2.16.], jT3 Theorem 25.1.]) The Lizorkin space 
of test functions $(M’^) is invariant under the Riesz fractional operator D°‘ 
and Z1“($(R"')) = <I)(R"'). 

Proof. Indeed, according to (E 2 a), ( 1 ^^ - Q, 

F[zi>](O = ie|-“i^[0](O, fyemn- 

Since F[0](O e T(R’^) and |^r“F[0](O G T(R”) then G <I)(R”), i.e., 
D“(<I)(R"')) C <I>(R"). Moreover, any function from T(R") can be represented 
as = |'C|“' 0 i(O 5 ^ T(R”). This implies that Z1"(<I)(R’*)) = $(R”). □ 


It is clear that dl (25.2)] 

(2.26) (I^»(x) = F-'[|e|“F[0](O](x), 0 G «I>(R"). 


The operator 11“ is called the operator of (fractional) partial differentiation 
of order a, for a > 0 , and the operator of (fractional) partial integration of 
order a, for a < 0 ; is the identity operator. 

In particular. 




(-A)-’^/2-r0 

(-A)’-0, 0 


( —l)’'+^|xp''log |x| ^ 

= 2^+2’'-iW2r!r(f +r) * 

G $(R"), r = 0,1,2,.... 
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Note that definition '^= (—is introdnced in view of the last 

relation. 

According to formulas (Q, (IT^ . we define the Riesz fractional operator 
D“/, a G C of a distribution / G by the relation 

(2.27) (/(-A)“'V,^) = (/,£>», V,),e<l>(K”). 

It is clear that D°‘{^'{W^)) = Moreover, the family of operators D°‘, 

a G C forms an Abelian group on the space if / G <I>'(M”) then 

= DPD‘^f = D-+Pf, 

^ ^ D^D-^f = /, a, (3eC. 

2.4. The multi-Riesz fractional operator. Define the multi-Riesz frac¬ 
tional operator : (j){x) —>■ D°(j){x) on the Lizorkin space <hx(R") as the 
convolution 

(2.29) /_„(a;) * 0(x), 0 G <hx(M"), 

where the multi-Riesz kernel /_a(x) is given by formula (E221)- Here = 
■■■DZ, where . (a;/)*, j = 1, 2,..., n. 

It is easy to verify that for the operator D" an analog of Lemma f2.II holds. 

Lemma 2.2. The Lizorkin space of test functions <I>x(R"^) is invariant under 
the Riesz fractional operator D" and D“(<I)x(M”)) = <hx(IR’^)- 

Analogously to (I2.27|l . if / G then 

(2.30) v,),e<i>,(K”), oeC”. 

The family of operators Df,, a G C” forms an Abelian group on the space 

2.5. Quasi-asymptotics. Recall the definitions of a quasi-asymptotics j3], 

ra 


Definition 2. 3. ( Uni §3.2.]) A positive continuous real-valued function p{a), 
a G M such that for any a > 0 there exists the following limit 

p{ta) 


lim 

t^OO 


pit) 


= C{a) 


is called an automodel {or regular varying) function. 


It is easy to see that the function C{a) satisfies the functional equation 
C{ah) = C(a)C(6), a, 6 > 0. It is well known that the solution of this equation 
is the following: 

(2.31) C{a) = a“, a G M. 

In this case we say that an automodel function p{a) has the degree a. 

For example, the functions t", t“log”*f, m G M (f > 0) are automodel of 
degree a. 
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Definition 2.4. Let / G If there exists an automodel function p{t), 

f > 0 of degree a such that 

t^oo, in 

Pit) 

then we say that the distribution / has the quasi-asymptotics g{x) of degree 
a at inhnity with respect to pit), and write 


fix) ~ gix), 


x| —>• CX) {pit))- 


If for any a we have 


fjtx) 


0 , 


t —>■ oo, in 


then we say that the distribution / has a quasi-asymptotics of degree —oo at 

S' 

infinity and write /(t) ~ 0 , |a:| —>■ cx). 


Lemma 2.3. ( |1], [13 §3.2.]) Let f G If fix) ~ g{x) ^ 0, as 

|a;| —> oo with respect to the automodel function pit) of degree a then g{x) is 
a homogeneous distribution of degree a. 


If n 
(2.32) 


1, the results from (Tj Ch.I,§3.11.] and Lemma O imply that 


f Cixf + C 2 X", a 7 ^ —k, 

\ CiP{x-^) + C25^^-^\x), a = -k, 


where Ci,C 2 are constants. 

Here the distributions a 7 ^ —k, k E N are defined by the following 
relations (TJ Ch.I,§3.2]: if Rea > —m — 1, a 7 ^ —1, —2,..., —m, m eNq then 


{xl,p{x)) 


def 


„1 y m-1 

/ x'^ip{x)-J2 

■to V 


dx 


(2.33) 



(p(^)( 0 ) 

j!(A + j + 1)’ 


(2.34) (x“, p>{x)) (x", pi-x)), 

for all p E 5(M). Using (I2.33|l . ()2.34j] . one can introduce the distributions [H 
Ch.I,§3.3]: 


(2.35) 


X 


rv tl€,J ^ ^ 

= xl-\- X 


I \a ■ d.ef 

|x| signx = x^r 


X 


— 1 
a 


a 7 ^ — 2 fc + 1 , 
a 7 ^ —2k, 

where k eN. For the other k these distributions are well-defined. The princi¬ 
pal value of the functions x“^^ and are defined as 

P{x-‘^^^^) 

F(x- 2 ^) 


(2.36) 


def I I 

= |x| 

def I I 
= X 


-2fc+l 
-2k 


signx, 

kEN, 
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respectively. 

Definition 2.5. Let / G If there exists an automodel function p(f), 

f > 0 of degree a such that 



then we say that the distribution / has a quasi-asymptotics g{x) of degree —a 
at zero with respect to p{t), and write 


f{x)^g{x), |a:| ^ 0 (p(t)). 


If for any a we have 



in 


then we say that the distribution / has a quasi-asymptotics of degree —cxo at 


S' 

zero, and write f{x) ~ 0, |x| —0. 


For the case of distributions from <I)'(R”') and <l>x(R”) Dehnitions E31E31 
and Lemma [2.51 are formulated word for word. 

3. The Tauberian type theorems 

Theorem 3.1. A distribution f G 5'(R"') has a quasi-asymptotics of degree 
a at infinity with respect to the automodel function p{t), t > 0, if and only if 
its Fourier transform has a quasi-asymptotics of degree —a — n at zero with 


respect to the automodel function t'^p{t). 

Proof Since F[f{x)]{f/t) = t'^F[f{tx)]{f), x,f G R”, f > 0, we have 
{F[f{x)]{f/t),ip{f)) = F{F[f{tx)]{f),ip{f)) = F{f{tx),F[ip{^)]{x)), 
ip G 5(R”'). Thus 



S' / \ 

The last relation implies that f{x) ~ g{x), |a;| —>• oo [p{t)), i.e., 




□ 
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Theorem 3 . 2 . A distribution f G 5 '(M) has a quasi-asymptotics of degree a 
at infinity, i.e., 


fix) ~ gix) 


Cix°l. + C2xf, a 7^ —k, 

CiPix-^) + ^ 2 ^ (a:), a = -k, 


if and only if its Fourier transform F[f] has a quasi-asymptotics of degree 
—a — 1 at zero, i.e.. 






where Ci, C2 are constants, and Bi = + €26 _ 

C^^-i{a+l)n/2 ^ k^N. 


The proof of Theorem 13.21 follows from Theorem 13.11 formula (I2.32j] , and 
formulas from [3 Ch.II,§2.3.,Ch.I,§3.6.]. 

Theorem 3 . 3 . Let f G Then 

fix) ~ gix), |a:| ^ cx) (p(f)) 

if and only if 

D^fix) ~ D^gix), |x| ^ CX) (f^p(f)), 

where /? G C. 


Proof. Let (3 7^ —n — 2r, r G Nq. Since the Riesz kernel ()2.11D . (I2.14|l is 
a homogeneous distribution of degree a — n, according to Lemma 12.11 and 
formulas (EZZD, ( 1 ^^ - (Q, we have 

{{D^f)itx),(j)ix)) = {{f * K_g)itx),(j)ix)) 

= t~'"(^fix), (^K-giy),(j)(^^^^'^'j = r{fitx),{K_gity),(j)ix + y))) 


(3.1) =t ^{fitx),{K_f}iy),(j)ix + y))) =t ^{fitx),{D^(j))ix)), 
for all (j) G <h(M”). Thus 


/(£>"/) (te) 





Taking into account that the Lizorkin space of test functions $(M”) is in¬ 
variant under the Riesz fractional operator and passing to the limit in the 
above relation, as f —>■ cx), we obtain 

That is, limt^oo = D^hix) in if and only if limi^oo = gix) 

in Thus this case of the theorem is proved. 
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Next, consider the case (3 = —n — 2r, r G No- Since the Riesz kernel (ITT7I) is 
an associated homogeneous distribntion of degree 2 r and order 1 , conseqnently, 


l^n+2rity') — t 


2r 


\y?'' logbl 


logt- 


\y\ 


2r 


r = 0,1,2, 


7n(n + 2r) “ 7n(n + 2r)’ 

for all f > 0. In view of (12.dll . (|i/P'’, (j){x + y)) = 0, and we have 

{f^n+2rity),(j){x + y)) =t‘^''{Kn+2r{y),(j){x + y)) = (f) (x). 


Repeating the above calculations almost word for word, we prove this case of 
the theorem. □ 


Theorem 3.4. Let f G Then 

fix) ~ gix), |x| ^ cx) (pit)) 

if and only if 

Difix) ~ Digix), |x| ^ CX) [tDh\p{t)), 
where (3 = (^i, G C”, \j3\ = j3i 3 -h 


Proof Let (3j ^ —1 — 2rj, rj G No, j = 1,..., n. In this case the Riesz kernel 
f-pix) is a homogeneous distribution of degree \ — (3\ — n. Using Lemma YI?f\ 
and formulas (ICTl) . (EinD, Q, we obtain 

{{Dif)itx),(j)ix)) = {{f * f_p)itx),(j)ix)) 


= t = t^{fitx),{f_pity),(j)ix + y))) 

= {f-piy), (pix + y))), = f-h\(^f(tx), (L>^ 0 )(a;)), 

for all (f) G $x(M”)- Thus 


/ {Djf) jtx) 
\ f~h\p[t) 



fjtx) 
pit) ’ 


{Di4>) ix)'^, 


and, consequently, lim^^oo = Digix) if and only if lim^^oo = hix) 

in <I)x(M”). Thus this case of the theorem is proved. 

Consider the case when among all (3i,..., (3n there are k pieces such that 
= —1 — 2r and n — k pieces such that 7 ^ —1 — 2r, r G No. In this case, ac¬ 
cording to Definition l 2 . 2 [ the Riesz kernel f-pix) is an associated homogeneous 
distribution of degree | — /3| — n and order k, k = 1,... ,n. 

Let (3j = -1 - 2rj, rj G No, j = l,...,k] 7 ^ -1 - 2rs, rs G No, 

s = k + 1,... ,n. Denote 

A = (-l)"i+-+’’'=+V(2ri)! ■ ■ ■ (2rfc)! 


x2n-fcr(_/?,^,)cos( 


'^/3k+i - 


■r(-/3. 


cos 


,'Xf3r, 
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Then according to (EH, 

f-pity) = X ■ ■ ■ X X X ■ ■ ■ X 

x(log||/i| +log|t|) X X (log|i/fc| +log|t|) 

X ■ ■ ■ X ll/fcp’''' X |l/fc+i|-^'=+i-^ X ■ ■ ■ X \yn\~^^~^ 

X f (log|l/2| X ■ ■■ X log|l/fc| + ■ ■■ + log|?/i| X ■ X log|?/fc_i|) logt 


(3.2) +■■■+(^log|i/i| + --- + log|i/fc|)log^ ^ |t|+ log*^t^. 

It is easy to verify that in view of characterization (EH), 

(3.3) {f-p{ty),(l){x + y)) = t''-^\-^{f-p{y),(l){x + y)) = (x), 

(j) G <hx(®”'). For example, taking into account (EH), we obtain 

{x’'j= 2 ixj - yjf"^ log \xj - yj\ x)Lfc+i \xi - 

/ {xi - yiY^^((){yi, 1/2,..., yn) dyi) = 0, 

Jr ' 

for all 0 G <I>x(K”'). In a similar way, one can prove that all terms in (O, 
with the exception of fl“^l“"'/_^(i/) do not make a contribution to the functional 
{f-yity)A{.x + y)), where (3j = -l-2rj, rj e No, j = 1,... ,/c; /3s -l-2rs, 

rs G No, s = fc + 1,... ,n. 

Thus repeating the above calculations almost word for word and using (El, 
we prove this case of the theorem. □ 


Theorem 3.5. A distribution f G $'(M) has an even quasi-asymptotics at 
infinity with respect to an automodel function p(t) of degree a if and only if 
there exists a positive integer N > —a such that 


lim 

|a;|—>oo 


D-^f{x) 

\x\^p{x) 




i.e., the fractional primitive D ^ f{x) of order N has an asymptotics of degree 
a N at infinity {understood in the usual sense). 


Proof. Let us prove the necessity. In view of Theorem 13.31 setting (3 = —N we 
have 

}^{ ^ 9a{x),(l){x)) = {KN{x)*ga{x),(t){x)), 

for all (/) G <I)(M). Here Kp{x) is given by ()2.18|1 and ga{x) by (12.3211 . Since 
g{x) is even, in view of ()2.32jl - (l2.3f)jl . and (I2.18|l . ga{x) = Cna+i{x), where 
g.2k-i{x) = C5^^^\x), fcGNo. 
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With the help of formulas (EUD, (ITTHl) . we calculate that 
Kn{x) * gaix) = Ckn+o+I = 

where A is a constant. Thus Eq. (Q can be rewritten as 

^ C{KN+a+i, (pix)), = /l(|x|“+^, 0(a:)), 

for all (f) G $(M). Taking into account that iV + a > 0, we have 


(3.6) 


lim 

t^OO 




= A\x 


I a.-\-N 


By using Dehnition 12.31 and formula (USD), relation (EH) can be rewritten 
in the following form 

{D-^mx) 


A = lim , ,, —;— 

t^oo 


(3.7) 


lim 

|ttc|^oo 


{D-^f){tx) 


lim 

t^OQ 


Pjtx) 


lim 

Ij/I^oo 


i!/r/»(») 


Now we prove the necessity. Relation (EH) implies EED- The last relation 
can be rewritten in the weak sense as ()3.5|) . Next, we rewrite ()3.5|) in the form 
(j3.4|) and using Theorem 13.31 prove our assertion. □ 
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